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The stream function is obtained in the form of an expansion in powers 
of 1/r. It is shown that the nature of the v~loclty distribution is de- 
termined by the basic function of the stream function. The results ob- 
tained are compared with experimental data. 

Mate r i a l s  such as p rocessed  peat,  p las t ic  clay,  
pe t ro l eum products ,  dough, paint ,  etc.  a re  known to 
pos se s s  v i scop las t i e  p rope r t i e s .  

These  p rope r t i e s  have been the subject  of ~ n u m -  
be r  of expe r imen ta l  s tudies  [7-11] ,  etc. 

Theore t i ca l  s tudies  in theology lead to the n e c e s -  
s i ty  of in t eg ra t ing  non l inea r  d i f fe rent ia l  equat ions of 
h igher  o rde r s .  

The theory  of mot ion of v i scoplas t ie  bodies has 
been the subjec t  of r e s e a r c h  by M. P. Volarovich,  
A. M. Gutkin, A. Kh. Kim, A. Kh. Mirzadzhanzade ,  
P. K. Shchipanov [1-5] ,  and other authors .  

This a r t i c l e  cons ide r s  the p rob lem of the mot ion  of 
a v i scoplas t ic  body between two coaxial  cones.  A 
gene ra l  method of solving the p rob lem of mot ion  of a 
v i scop las t i c  body in a cone was given by Kim in [3]. 
The analogous p rob lem for  a v iscous  l iquid was solved 
by Slezkin [6]. As Lozovski i  [10] has shown, the r e -  
sui ts  of this  solut ion a re  appl icable  to v i scop las t i e  
bodies  such as peat.  

The equat ions  of mot ion  of a v i seop las t i c  body can 
be obtained as a resu l t  of the joint  solut ion of the 
Hencky- I I ' yush in  theo logica l  equation of state 

IIo = 2 (~ + ~olh) ~o 

and the Cauchy equ i l i b r ium equat ion 

div II = P0 a 

(the body fo rces  a re  r e l a t ive ly  smal l  and may be n e -  
glected),  

The p rob lem may  convenien t ly  be solved in  conical  
coord ina tes  r ,  | c~. The mot ion  is a s sumed  to be 
s t a t ionary  and a x i s y m m e t r i c .  Then  the following r e -  
ma rks  may be made rega rd ing  the p ro jec t ions  of the 
veloci ty :  v r = vr( r , |  v| = v|174 v~  = 0. 

Solving jo int ly  the equat ions  obtained as a r e s u l t  
of p ro jec t ing  Eq. (1) onto the r and | axes and in t ro -  
ducing the nota t ion 

~ , = 2  ~ + or , 

~ , = 2  ~ +  0----~ + , 

~ =  ~ +  r O0 + Or 

we obtain the equation 

0 2 (Z.-- ~;) 4r O---!~ --  r ~ 9--!-'~ + 
Or 0 0 Or or2 

0 ~ �9 0 (2 v + X) 
+ - -  - -  r ctg0 + 

002 Or 

_}_ 3 (3k + ~ ctg O) ~, dt ] 2so doo 
O0 = por c30 r O0 

/ dvo ) ] 
OI r-oF- + v, vo 

_ . (2)  
ar 

This is a f o u r t h - o r d e r  non l inea r  pa r t i a l  d i f ferent ia l  
equation.  In the p rob lem cons idered  it Can be reduced 
to a t h i r d - o r d e r  l i nea r  o rd ina ry  d i f fe rent ia l  equation, 

In order  to find the unknown funct ions v r and v| we 
add to Eq. (2) the s t r a in  cont inui ty  equation div v = 0. 
F o r  the given p r ob l e m i t  takes  the form ( l / r )  �9 
�9 (O/0r)(~Vr) + (1/sin|174174174 = 0. 

We will pe r f o r m  the ca lcu la t ions  in the coord ina tes  
r ,  s = sin|  ~. Moreover ,  we in t roduce the s t r e a m  
funct ion ~b(r, s), r e p r e s e n t i n g  it in the fo rm r 

co 

_-- V(p~ (s___)) Where ~o(s) is the basic  funct ion of the A_2 f l  , 

s t r e a m  function,  ~i(s) a re  the c o r r e c t i n g  funct ions of 
the s t r e a m  funct ion,  i ~ 0. The veloci ty  components  
a re  expressed  in t e r m s  of the s t r e a m  funct ion as fo l -  
lows: 

1 0 r  I 0q0 
Vr - -  , V e 

r 2 sin 0 " 0 e r s in  O Or 

We will fo rmula te  the p rob lem of f inding the bas ic  
funct ions (P0(s). In this  ease  

/ i - ~ 2  d ~o ~ (s) 
V r - -  - -  - -  V O  = O .  

r2s ds -r  w ' 

If we neglect  t e r m s  of the o rde r  of 1 / r  3, Eq. (2) takes  
the fo rm 

02.___Z_~ + 0 (3~ + ~ ctg 0), ----- O. 

002 3 0 

The f i r s t  i n t eg ra l  of this equat ion is 

0~ 
+ 3~ + '~ctgO = C. (3) 

O0 

We expres s  the lef t  s ide of Eq. (3) in t e r m s  of ~(s),  

q)"~/  1 - - S  2 - -S tp ' /u  1 - - s  2 __  

d 1 2 ~  2 + (~')~(1 - - s  *) 

( ( p ' ) 2 V ' l - - s  a [12~ .+qr '] / V  1 - s  2 - 

[ 12 (p2 + (q~,)2 (1 - s~)] 3/2 ! 
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+ 

I2~ + 

V12q~ 2 + (T')~ (1 - - s  2) 

~ ' g  1 - s ~  g 1 - ~  
V i 2 ~  ~ + (~'y  (i - -  s ~) s 

= C .  

We in t roduce  the funct ions  

(I) : q / V ' l ~ - - ~ 7 / V  12q ~ + (r (1 --s~), 

U = - -  12c0/V 12q~ 2 + (T') ~ (1 --s2). 

Equation (4) then takes the fo rm 

g l  - - - - ~ - @  + u + V I - ~  
S 

o r  

whence 

d( sO)  _ ( c - - U ) s  

ds V ~ '  

s o = - c V ~ - s  ~ + 

c? sds 
+ 12 W]---~-V12q~2+(cp, )2( l_s2  ) + C v  

(4) 

(5) 

0 s 8~ 8o Oz 

Fig.  1. Rela t ion  be tween the 
v a r i a b l e s  | and ~o. 

When the quant i ty  O 2 - | is sma l l ,  the in teg ra l  in the 
r ight  side of (5) can be neglec ted ,  

o r  

s C D = - - C ] / 1 - - s  z + C ~ ,  

s ~' 1/1 - -  s ~ 
= G - - c V 1  - - s  2 . 

]/12q92 + (qj)2 (1 - - s  2) 

We denote cp'/~o = q; then Eq. (6) t akes  the fo rm 

s q V - ~ /  V ' 1 2  + q 2 ( 1 - -  s ~) -- c ~ - c V  l - s  2 . 

we solve this equation for  q, 

q = +_ y ~ ( q - c V ~ ) /  

/ V  O -s') [s~- ic~-cv~--:7) '] .  

(6) 

The r e l a t ion  between r and | is shown graphica l ly  in 
Fig.  1. 

ogoz~ [ 

be:o/ 

~176 J E 
0 5 ~ 0~ ~ /2 ~ /4 ~ t5 ~ -8 

Fig.  2. Theore t i ca l  ve loci ty  d i s t r i -  
bution. 

On the i n t e rva l  | < | < (90, q > 0, on the in t e rva l  
G0 < | < | q > 0 (% is the point  at which the function 
q~(@) reaches  i ts  m a x i m u m  value).  

Accord ing  to the e xpe r i me n t s  of a n u m b e r  of i n -  
ve s t i ga to r s ,  for  example ,  N. V. Lozovski i  [10], the 
ve loc i ty  i n c r e a s e s  v e r y  rap id ly  c lose  to a solid wall .  
Accord ingly ,  we may a s s u m e  that  ~'  (Oi) - -  o| and 

~P'(02) . . . .  Since ~P(| ~ 0 and ~p(O2) ~ 0, q(~l) 
- -  +co and q (02) --*-c~ 

Taking into account  the above,  for the in t e rva l  

01 < @ < e0 we have 

q = V ~  ( q - c v - v : ~ ) /  

/ 1 /  O - ~ )  [ s ' - ( q - c Y ~ ) ' ] .  (7) 

S i n c e q ( s l ) ~ o ,  C 1 - C ~ I - s ~  = s v In v i e w  of the  

f a c t  t ha t  q(s2)  ~ -~o, we o b t a i n  C l - C ] I  - s~ = - s  2. 

F r o m  the s y s t e m  of equat ions  

C, " C 1 / 1 - - s ~  =s~ ,  

G - c  V I - s~ = -  s, 

we find the cons tan t s  of in t eg ra t ion  C and C1: 

C = (sl + s~)/(V 1 - s~ - V ]  - s~ ), 

C1 = sl + si + s2 
V I - - s  2 - - V ~ s ~  V l - s  2. 

Since q(@0) = 0, we have one m o r e  equat ion,  

q - c V-1 - ~ = o, 

f rom which we find the s = s o at which the funct ion 
~(s) r eaches  a m a x i m u m ,  

~o = + V I - c~/c~. (8) 

Fig.  3. Motion of lead t r a c e r s  c h a r a c t e r i z i n g  the mot ion  
of v i scop las t i c  p a r t i c l e s .  
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Fig.  4. Pos i t ions  of t r a c e r s  c h a r a c t e r i z i n g  the veloci ty 
d i s t r ibu t ion  at d i f ferent  p r e s s u r e s :  

1) p = 0, 2) 0.495 arm, 3) 0.7, 4) 0.8, 5) 0.995. 

We now in tegra te  Eq. (7), 

9' y f f  - c 

9 V (1 - s~)  [ s ~ -  ( c , - c v ~ } - ~ - )  2 ] 

l n 9 =  f V - ~  ( C' - C V - f - ~  ) ds -F C,. 

c ] 

We find the cons tan t  of in tegra t ion  C2 by set t ing q~(s0) = 
= 1. Then C 2 = 0. Thus for  the funct ion q(s) find 
the exp res s ion  

9 (s) = 

s 

ds .. (9)  

' is2_ ] 

The in tegra l  can be evaluated n u m e r i c a l l y .  Then 

v, = a ~lr ~, 

whe re 

h = + Q / 2 =  [9  (S~) - -  9 (S,)]. 

Using Eq. (9), we will  cons ide r  an example  taking 
@1 = 5~ and | = 15 ~ 

The graph of the veloci ty  funct ion obtained is  shown 
in Fig.  2. 

Using Eq. (8) we find that for  the given specif ic  case  
| = 8~ 40' .  

Thus,  we have found the bas ic  funct ion of the s t r e a m  
funct ion r In o rde r  to de t e rmine  the c o r r e c t i n g  
function r it is n e c e s s a r y  to r e p r e s e n t  the s t r e a m  
function in the fo rm 

~2 (r, s) = % (s) + 9, (s)/r. 

P e r f o r m i n g  ca lcu la t ions  s i m i l a r  to those involved in 
cons t ruc t ing  d i f fe ren t ia l  equat ion (2), f rom which we 
obtained the bas ic  funct ion,  we can obtain an equat ion 
in which the unknown function is the funct ion ~l(s).  

But it is poss ib le  to show that  this  wil l  be a four th -  
o rde r  homogeneous  l i n e a r  equation with va r i ab le  co -  
eff ic ients  and zero  in i t i a l  condi t ions;  the re fo re  ~pl(s) = 
- 0. Quite analogously ,  e2(s)  -- 0. Fo r  this  r ea son  
the s t r e a m  funct ion can be wr i t t en  in the fo rm 

(r, s) = 9o (s) + r (s)/r ~. 

In o rde r  to d e t e r m i n e  the c o r r e c t i n g  funct ion ~3 (s) 
we can use the equat ion 

I 02 v 02 v 02 
r - -  2 [(e -4- 2~) ctg O] + 

r 0 0 = Or 2 OrO 0 

1 0 
-t - -  [ctg 0 (~- -  6T - -  6s) l  + 

r 0 0  
0 

+ 2  I(~ + 2e) ctg20 - 2v] = 
0z 

~- -- 2 Po ~ [ctg20(%(s))2], 110) 
? 0 0  

where  
"~ = (TI/r3 -}- "%/hrs) [9o +(4s q~ - -  39z)/r'~s] , 

__2 

= + - s  ss 9 ; - %  + r~ , 

= O1/r3 + "co/hr9 [9"o "~-(9; s + 3%)/sr3], 

s = c t g  o = I / V : ~ / s .  

With respec t  to the funct ion q~3(s) Eq. (10) is a 
f o u r t h - o r d e r  l i n e a r  inhomogeneous equation with v a r i -  
able  coeff ic ients .  Neglect ing t e r m s  of the order  of 
1 / r  4, it can be r e p r e s e n t e d  in the fo rm 

4 

E A, 9~ il (s) = A, 
1 

i = 0  

where  A and A i a re  funct ions depending on s, ~o0(s), 
7", ?7. 

In solving other  p rob l ems  s i m i l a r  to that cons idered ,  
Kim [3] showed that  the co r rec t ing  funct ions  have very  
l i t t le  effect on the veloci ty  and that its na tu re  is de -  
t e r m i n e d  by the bas ic  funct ion ~0(s). This  is also con-  
f i rmed  by the expe r imen ta l  data we have obtained. A 
n u m b e r  of expe r imen t s  were  pe r fo rmed  to inves t iga te  
the mot ion of a peat  m a s s .  F o r  this purpose  we con-  
s t ruc ted  two coaxial  cones for  which | = 5~ and @2 = 
= 15 ~ Lead t r a c e r s  were placed in the  peat m a s s  which 
moved under  p r e s s u r e ,  the posi t ions  of the t r a c e r s  at 
d i f ferent  p r e s s u r e s  be ing  photographed with an X - r a y  
appara tus .  

The photos obtained (Fig. 3) show that the s t r e a m -  
l ines  a re  s t ra igh t  l ines  d rawn f rom the ver tex  of the 
cone (Fig. 4). This  conf i rms  that the s t r e a m  funct ion 
is  de t e rmined  by the bas ic  funct ion and is  r e l a t ive ly  
unaffected by the c o r r e c t i n g  function.  

Moreover ,  the e x p e r i m e n t  conf i rmed  the c o r r e c t -  
ne s s  of the veloci ty  d i s t r ibu t ion  curve  obtained theo-  
re t ica l ly .  F igu re  5 shows a graph of the veloci ty  func -  
t ion for  peat with a m o i s t u r e  content  of 86% at d i f -  
f e ren t  p r e s s u r e s  and flow ra tes  and, for  compar i son ,  
the veloci ty  curve  obtained theore t i ca l ly  f rom Eq. (9). 
These  cu rves  approach each other in the middle  but 
d iverge  cons ide rab ly  at the edges,  at the walls  of the 
cones .  The expe r imen ta l  cu rve  shows that s l ip  occurs  
n e a r  tee walls  when a v i scoplas t ic  body moves  under  
the boundary  condi t ions  cons ide red .  

Apar t  f rom the ve loc i ty  d i s t r ibu t ion ,  it is also of 
i n t e r e s t  to d e t e r m i n e  one other  unknown i n  Eq. (11), 
namely ,  the p r e s s u r e .  F o r  this  purpose  we can  use 
the equat ions obtained as a r e su l t  of p ro jec t ing  Eq. 
(1) onto the coord ina te  axes.  After  the veloci ty  has 
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0 5 ~ /5 ~ 8 

Fig .  5. Ve loc i ty  d i s t r i b u t i o n  c u r v e s  ob ta ined  
e x p e r i m e n t a l l y  (1) and t h e o r e t i c a l l y  (2). 

been  d e t e r m i n e d  these  equat ions  can  be w r i t t e n  in the  
f o r m  

Op =/ l ( r ,  e), 
Or (n) 

aa 

where fl and/2 are known-functions. The solution of 
system (11) has been investigated in the literature [3]. 

NOTATION 

II o i s  the s t r e s s  t e n s o r  d e v i a t o r ;  ~ i s  the p l a s t i c  
v i s c o s i t y ;  T o is  the l im i t i ng  s h e a r  s t r e s s ;  h i s  the 
s t r a i n  r a t e  in t ens i ty ;  40 i s  the s t r a i n  r a t e  t e n s o r  d e -  
v i a to r ;  II is  the s t r e s s  t e n s o r ;  P0 i s  the  dens i t y ;  a i s  
the  a c c e l e r a t i o n ,  p i s  the  p r e s s u r e  c r e a t i n g  motio~a; 
| i s  the angle  be tween  ax i s  of cone and r a d i u s  r d r awn  
f r o m  v e r t e x  of cone to  given point ;  2@ 1 and 2@ 2 a r e  
the p lane  angles  at cone v e r t i c e s ;  Q i s  the  f low ra t e .  
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